An upper bound for the permanent of a nonnegative matrix  by Hwang, Suk-Geun et al.
ELSEVIER Linear Algebra and its Applications 281 (1998) 259-263 
LINEAR ALGEBRA 
AND ITS 
APPLICATIONS 
An upper bound for the permanent of a 
nonnegative matrix 
Suk-Geun Hwang a,~, Arnold R. Krfiuter b,:, T.S. Michael ~'* 
a Deparonent of Mathematics Education, Teachers College, Kyungpook National University, 
Taegu 702-701, South Korea 
b Institut flit" Mathematik und Angewandte Geometric. Montanuniversiti~t Leoben, 
A-8700 Leoben. Austria 
c Mathematics Deparonent. United States Naval Academy, Annapolis. MD 21402, USA 
Received 13 May 1996; received in revised form 3 March 1998; accepted 12 March 1998 
Submitted by R.A. Brualdi 
Abstract 
Let A be a fully indecomposable, nonnegative matrix of order n with row sums 
rt,. . . ,  ~;,, and let s~ equal the smallest positive lement in row i of A. We prove the per- 
manental inequality 
11 I I  
per(A) ~< 1-I s, + IX( ' " -  s;) 
i::1 i::1 
and characterize the case of equality. In 1984 Donald, Elwin, Hager, and Salamon gave 
a graph-theoretic proof of the special case in which A is a nonnegative integer 
matrix. © 1998 Elsevier Science Inc. All rights reserved. 
1. Introduction 
The literature of combinatorial matrix theory includes inequalities for the 
permanent of a nonnegative matrix under different hypotheses and in terms 
of various parameters. (See Minc [1], ch. IV.) In 1984 Donald et al. [2] proved 
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that if A is a fully indecomposable, nonnegative integer matrix with row sums 
rl, •. . ,  r,,, then 
P1 
per(A) ~< 1 + H( r i  - 1). (1) 
i=i 
In a follow-up paper [3] they characterized the case of equality in Eq. (1). The 
terminology and techniques used in Refs. [2,3] were graph-theoretic. In this 
paper we give a short, matrix-theoretic proof of a generalization of Eq. (1) 
to nonnegative real matrices. 
Let r t , . . . , r ,  and S l , . . . , s  n be real numbers with r i - s~>~s~>O for 
i = 1 , . . . ,  n. A matrix of the form 
"rt - s t  0 --. 0 st 
s2 r2 -- s2 "-"  0 0 
C = 0 s3 ". • (2) 
• • r . - t  - s . - t  0 
0 0 "-" s. r. - s. 
is a diagonally dominant cycle matrix. (The bipartite graph whose edges are de- 
fined by the positive elements of C is a cycle on 2n vertices.) Note that C is fully 
indecomposable, has row sums r~, . . . ,  r,,, and 
n n 
per(C) = 1-Is, + I-[(r, - s,). 
i:~l i~l 
Up to permutations and a contraction operation defined below, diagonally 
dominant cycle matrices are the only ones for which equality holds in our main 
result. 
Consider the matrices 
4 " -  0 x 
"1 
Xn- t Xn I 
J an,n- t an,n 
`4' = [X l a,,.x,,-, + a,,,,,_tx,,]. 
Here ,4 is a matrix of order n with O's everywhere in row n except for two non- 
zero elements, a,.n-, and a,.,,. The matrix ,4' is of order n - 1 and is obtained 
from ,4 by adding a.,,_t times column n to a,,,. times column n - 1 and then de- 
leting row n and column n. We say that .4 row-contracts to ,4'. Observe that 
per(,4) = per(,4') and that if ,4 is fully indecomposable, then so is ,4'. In case 
a,,,,_t =a,,,, we refer to an equi-contraction. An equi-contraction with 
an,,,-t = a,,.,, = 1 is a unit equi-contraction. Row-contractions may be carried 
on any row that contains two nonzero elements and all other elements equal 
to 0. Suppose that a sequence of equi-contractions and row and column permu- 
tations transforms A to a matrix B. Then we say that A equi-contracts to B. 
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We now state our main theorem. The proof is in Section 2. 
Theorem. Let A be a fully indecomposable, real nonnegative matrix o f  order n 
with row sums r l , . . .  ,rn (n >i 2). Let si equal the smallest positive element in row 
i (i = 1, . . .  ,n). Then the permanent o f  A satisfies 
n n 
per(A) ~< I~s~ + 1-I(r~ - s~). (3) 
i=! i= i  
Equality holds i f  and only i f  A equi-contracts to a diagonally dominant 
cycle matrix. 
Let us draw an immediate corollary, which summarizes the main results in 
[2] and [3]. 
Corollary (Donald et al. [2,3j). I f  A is a fidly indecomposable, nonnegative 
integer matrix of  order n (n >i 2) with row sums r l , . . . , rn,  then 
n 
per(A) ~< 1 + I-I(ri - 1). (4) 
i=!  
Equality holds i f  and only i f  A equi-contracts to a diagonally dominant cycle 
matrix o f  the form Eq. (2) with si = ... = s,, = 1 using only unit equi-contrac- 
tions and row and column permutations. 
Pro~,X. Apply the theorem and note that for integer matrices we have s~ >t 1 and 
that the upper bound in Eq. (3) is largest when sl = ... = s,, = 1; in this case 
each equi-contraction must be a unit equi-contraction. [3 
2. Proof of the theorem 
We shall assume that 
sl =""  = s, = 1. (5) 
This is sufficient because we may replace A by the matrix obtained by dividing 
row i by s~ for i = 1, . . . ,  n to bring about this situation, and the general in- 
equality Eq. (3) follows from the special case we treat by the multilinearity 
of the permanent. 
The theorem holds for matrices of order 2. We suppose that n >/3 and pro- 
ceed by induction on the sum of the elements tr(A) in A = [a~i]. This is a real 
parameter of induction, and we take as our base case 6 ~< or(A) < ~. in this case, 
Eq. (5) implies that A contains at least two 0's, and the full indecomposability 
of A implies these cannot be in the same row or column. With this information 
and Eq. (5), the theorem is readily verified. We henceforth suppose that 
I> 8. 
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Suppose that some row sum of A is 2, say, r, = 2. Then a unit equi-contrac- 
tion on row n produces a fully indecomposable matrix A' of order n - 1 with 
row sums r l , . . . ,  r,,_l and tr(A') = tr(A) - 2. By induction 
per(A) = per(A')~< 1+ 
n- I  n 
H(r,- l)= l+ H(, , -  i) 
i=! i=1 
with equality if and only if A' (and hence A) equi-contracts o a diagonally 
dominant cycle matrix. We henceforth suppose that 
r~>2 ( i= l , . . . ,n ) .  (6) 
Let E~j denote the matrix of order n with a 1 in position (i, j) and O's else- 
where. Recall that a fully indecomposable matrix A = [au] is nearly decomposa- 
ble provided A - auE~ j is partly decomposable for all (i, j) for which aij # 0. A 
result of Minc [4] asserts that the number of  nonzero eleme~2ts in a nearly decom- 
posable matrix o f  order n (n >i 3) is at most 3(n-  1). (See also [1], pp. 90-91.) 
Our matrix A cannot be a nearly decomposable (0, l)-matrix for then Minc's 
result would imply that r~ = 2 for some i, contrary to Eq. (6). We now suppose 
that either A is not a (0, l)-matrix or that A is a (0, l)-matrix that is not nearly 
decomposable. In either case we may assume without loss of generality that 
a,,,, >I 1 and that for a suitable positive number fl the matrix A - fiE,,,, is fully 
indecomposable with no positive element less than 1. Observe that 
per(A) = fl per(A(nln)) + per(A - [}E,,,,). (7) 
The matrix A(n!n) ~eed not be fully indecomposable, but after row and col- 
umn permutations 
A(nIn ) = 
"AI O O ... O 
* A2 O . . .  O 
• • • • 
• • . 
* * • • • A,, ,_ 1 O 
* * ' " " :¢  A m 
where A/is a fully indecomposable matrix of order nJ, say (j = I . . . .  , m). Let 
the row sums of Ai be q l , . . .  ,q,,i- Then q; <~ r~ for i = I . . . . .  hi. By the full in- 
decomposability of A. strict inequality holds for at least one i. say, ql <~ r~ - I. 
We claim that 
I I  I 
per(A]) ~< H(~;. - I) (8) 
i:: l 
with strict inequality in case n~ >I 2. This inequality is clear if n~ -- I. while for 
n~ >i 2 the induction hypothesis and Eq. (6) imply that 
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nl nl nl 
per(A, )4  1 + H(q , -  ) + (,., - - l )  < - l ) .  
i : i  i :2  i : !  
An inequality similar to Eq. (8) holds for each A/ (j = 1,... ,m), and thus 
m n-  1 
per(A(n]n) )  = I'[per(Aj) ~< H(r~ - 1). (9) 
j : l  i= i 
The row sums of A - fiE,,,, are r l , . . . ,  r,,_l, r,, - ft. By induction 
n- !  
per(A - flE,,,,)<<, l + (rn - f l -  l ) l - I ( r ; -  I) (10) 
i :1  
with equality if and only if A - fiE,,, equi-contracts o a diagonally dominant 
cycle matrix. Now Eqs. (7), (9) and (10) imply the desired inequality (3) under 
the assumption (5). 
Finally, suppose quality holds in (3) under the hypotheses (5) and (6). Then 
equality holds in Eq. (9) and thus each diagonal block Aj o f  A(n ln)  is of order 1, 
that is, A(nln) is lower triangular with diagonal elements r~ - 1,.. .  ,r,,_~ - 1. 
Moreover. equality holds in Eq. (10), and thus A - BEn,, equi-contracts o a di- 
agonally dominant cycle matrix. It now follows that A is a diagonally dominant 
cycle matrix, i:] 
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